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ABSTRACT

We say that an algorithm for nearest neighbor search is com-
binatorial if only direct comparisons between two pairwise
similarity values are allowed. Combinatorial algorithms for
nearest neighbor search have two important advantages: (1)
they do not map similarity values to artificial distance values
and do not use the triangle inequality for the latter, and (2)
they work for arbitrarily complicated data representations
and similarity functions.

In this paper we introduce a special property of the simi-
larity function on a set S that leads to efficient combinatorial
algorithms for S. The disorder constant D(S) of a set S is
defined to ensure the following inequality: if = is the a’th
most similar object to z and y is the b'th most similar ob-
ject to z, then z is among the D(S) - (a + b) most similar
objects to y.

Assuming that disorder is small we present the first two
known combinatorial algorithms for nearest neighbors whose
query time has logarithmic dependence on the size of S. The
first one, called Ranwalk, is a randomized zero-error algo-
rithm that always returns the exact nearest neighbor. It
uses space quadratic in the input size in preprocessing, but
is very efficient in query processing. The second algorithm,
called Arwalk, uses near-linear space. It uses random choices
in preprocessing, but the query processing is essentially de-
terministic. For an arbitrary query g, there is only a small
probability that the chosen data structure does not support
q.

Finally, we show that for the Reuters corpus average dis-
order is indeed quite small and that Ranwalk efficiently com-
putes the nearest neighbor in most cases.
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1. INTRODUCTION

Challenge. Nearest neighbor search (also called similarity
search) is the problem of preprocessing a set S of n objects
(which we henceforth refer to as points) lying in some space
U with a similarity function so that given a query ¢ € U,
one can efficiently locate the point that is most similar to ¢
among the points in S. There are several surveys on nearest
neighbor search (NNS); e.g., [10, 9, 20, 23]. This intensively
studied problem has numerous web-related applications be-
sides playing a central role in many other important areas.
These applications include:

e Near-duplicate detection [4, 8, 16, 22].

e Classification/filtering tasks like detecting spam pages
[41], spelling correction [12], sense disambiguation[40].

e Recommendation systems [38].

e Computing co-occurrence and co-citation similarity
[7, 13].

e Discovering related tags in folksonomies [14, 35].

e Social network analysis (e.g. suggesting new friends)
[35].

e News aggregation (searching for news articles that are
most similar to the user’s profile of interests) [29, 35].

e Advertisement targeting (searching for the most rele-
vant website for displaying a given ad) [36].



Applying classical similarity search solutions for these tasks
is not straightforward for several reasons. First, data models
are heterogeneous and far from simple abstractions like Eu-
clidean space. Text data and link structure are frequently
combined [3]. For instance, the description of a blog may
consist of language, geographic location (dictionary parame-
ters), age, number of posts (numerical parameters), referring
links and reader list (graph parameters), text of profile and
posts (text parameters) and posting timestamps (time pa-
rameters). Such a heterogeneous description leads to quite
complex similarity functions. E.g., it can include manually
defined logical rules and threshold functions. Finally, the
definition of similarity usually contains various “customiza-
tion” parameters which can be adjusted by domain experts.

Second, many applications are focused on similarity, not
distance. For any given similarity value, it is possible to
define a metric that provides the same closeness ordering.
However, this artificial metric will have distances close to
maximal possible (as is often the case in high-dimensional
spaces). In this setting the triangle inequality becomes non-
informative and metric algorithms will have no opportunity
for search pruning based on it.

Third, the number of description parameters is overwhelm-
ing and collections we face in practice are very far from
“random [families] of random sets” [21]. We cannot expect
to find efficient NNS algorithms for general sets with arbi-
trary similarity functions. Hence, instead of addressing the
problem in general we attempt to find additional properties
that hold for real data and support efficient and provably
correct NNS algorithms.

Combinatorial approach. Complicated data models and
the inapplicability of the triangle inequality for similarity
values leave very few tools for the NNS problem. To our
knowledge, there are no NNS algorithms that work directly
with similarity values without first modelling the problem
in a metric space. In the present paper, we propose a frame-
work for designing algorithms that do not translate the prob-
lem to metric spaces.

Besides working with the similarity function directly, we
introduce a restriction on the way the similarity function can
be used. We call a search algorithm combinatorial if only di-
rect comparisons between two pairwise similarity values are
allowed. As we will see, even working with this restriction
we can design good algorithms in certain situations. The
restriction offers some advantages: Since we make minimal
assumptions about the similarity function, the algorithms in
our framework have wide applicability. Moreover, the algo-
rithms are quite robust to certain changes in the similarity
function. E.g. adding a constant to all similarity values does
not affect such an algorithm at all. Also, any transformation
of the data representations that preserves the order of simi-
larity values between the points does not change the output
of the algorithm.

As mentioned before, we cannot expect efficient NNS algo-
rithms for general databases with arbitrary similarity func-
tions. We introduce a natural property of databases which
allows us to design efficient NNS algorithms and is essen-
tially satisfied for a real database as confirmed by our ex-
perimental results.

Consider a set S of n points. For every point z we sort
all other points by their similarity to x. Overall, we have n
sorted lists of n — 1 points each. This is the only informa-
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tion we will use in the preprocessing stage. We denote the
position of point z in y’s list by rank, (x).

In this paper we consider a special class of datasets. Namely,
we assume that for every triple of points z, y, z, if x has small
rank with respect to z, and y has small rank with respect to
z then x also has quite small rank with respect to y. This
is our replacement for the triangle inequality. Actually, we
relax it by a multiplicative factor D and call it disorder in-
equality:

ranky(z) < D - (rank.(z) + rank.(y)).

We will show that the disorder constant D is connected to
the concept of “intrinsic dimension” for metric spaces. More
precisely, we define log, D + 1 as the disorder dimension
of any set in some similarity space. In the classic case of
uniformly distributed sets in Euclidean space of some fixed
dimension, the disorder dimension coincides with the actual
dimension (modulo a multiplicative factor close to one).

It is natural to conjecture that if the disorder constant
(and hence, the disorder dimension) is small, then the NNS
problem has provably more efficient solutions than brute
force. Thus our plan is (1) to verify the “small disorder
assumption” on some real data set and (2) to construct a
search algorithm utilizing this assumption.

Results. Our first contribution is the introduction of the
concepts of combinatorial algorithm, disorder inequality and
disorder dimension. To our knowledge this is the first time
that a framework for comparison-based similarity search has
been explicitly introduced.

Next, we present two new randomized algorithms for exact
NNS: Ranwalk and Arwalk. They are the first ones known
to be purely combinatorial in the sense defined above. They
bear some resemblance to the greedy search algorithms for
small world networks (see, e.g., [27]).

Ranwalk performs a random walk in the search phase. It
requires O(n?) preprocessing space, O(n?logn) preprocess-
ing time and uses expected O(D log n log log n+D?) time for
answering a query. It always produces the correct answer.

The Arwalk algorithm (walk via navigation array) requires
O(nDlognloglogn) preprocessing space, O(n?logn) pre-
processing time and uses O(D log n(loglog n+log 1/8)+ D?)
time for answering a query. For every query it produces the
correct answer with probability at least 1 — d. The underly-
ing data structure, called navigation array, is anx D’ xlogn
table of pointers to points in the database S. Informally, for
every point € S and every k < log, n we keep pointers to
D’ = Dloglogn random points in the n/2* neighborhood
of z.

The analysis of Arwalk shows that similarity search is
tractable (near-linear preprocessing space, near-logarithmic
query time) when the disorder dimension log D+1 is at most
loglogn. Thus, we have similar results to [10, 11, 30, 31,
26] where tractability was shown under the loglogn bound
for other definitions of intrinsic dimension.

On the experimental side, we compute the disorder di-
mension of the Reuters corpus [34]. The results show that
(1) on average the disorder inequality requires a fairly small
constant D, (2) even for triangles with large rank values on
the sides, the average D is still small, but (3) in the worst
case for some triangles, the disorder fraction is large.



Outline. The next section is devoted to our concept of dis-
order. Then we present our algorithms: Ranwalk and Ar-
walk. The experiments on the Reuters corpus are presented
in Section 4. Finally, we explain the relation of our results
to previous research and present six directions for future
research.

2. COMBINATORIAL FRAMEWORK AND

DISORDER INEQUALITY

As mentioned earlier, one of the main contribution of the
present work is the combinatorial framework for the NNS
problem. To describe this framework we need some notation.

DEFINITION 1. (similarity space) A similarity space is a
tuple (U, o), where U is a finite universe of points, and U is
equipped with a similarity function o : U x U — R.

Intuitively, for p,q € U, p and ¢ are more similar to each
other if o(p,q) is large than when o(p,q) is small. Thus
similarity has the opposite interpretation of distance in a
metric space. Note that we do not require the similarity
function to be symmetric.

The NNS problem is the following: given a database S C
U, we would like to preprocess it so that for any query ¢ € U
we are able to find a point in S that is closest to ¢; that is, we
would like to find p € S such that o(q,p) = min{o(q,r)|r €
St.

In our combinatorial framework, we propose to do away
with the numerical value of the similarity function. Instead,
we distill the information down to the relative values of the
similarity function. To make this precise we introduce the
notion of rank.

One advantage of our framework is that transformations of
the set or changes in the similarity function do not affect the
output of NNS — as long as these transformations/changes
to not affect the rank function. For example, if one adds
a fixed number to all similarity values an algorithm in our
framework will work precisely in the same way. Note that
classical approximate algorithms for NNS do not have this
property.

DEFINITION 2. (rank function) For points x,y and set S
define ranks,s(y) to be the position of y when the elements
of SU{x,y} are ordered according to decreasing similarity
to x. When the set S is clear from the context we abbreviate
ranks,s(y) to ranks(y).

Let us restate the NNS problem. In a similarity space
(U, o), given a database S C U, preprocess S so that given
a query g € U, we can quickly find the nearest neighbor of
g in S, that is p € S such that rank, s(p) = 1.

In our combinatorial framework, the only operations an
algorithm can do are to compute the similarity values and
compare them with each other; in the preprocessing step, the
algorithm can store the outcomes of these operations. We
cannot expect to find efficient nearest neighbor algorithms
for general similarity spaces, and thus we must seek some
properties that are likely to be satisfied in real databases,
and which also enable efficient NNS. We identify one such
property next.

But before we do that, let’s consider an example to moti-
vate the definition. Suppose that set S is an (infinite) set of
equally distant points on a line. Let us define the similar-
ity function between two points to be the reciprocal of the
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Euclidean distance between them. Then it is easy to verify
that for any triple z,y,z € S we have

rank, (z) < rank,(z) + rank.(y) + 3.

Similarly we have three more inequalities, if we replace
rank.(x) by ranks(z) and/or rank.(y) by rank,(z) in the
above inequality.

Of course, for a general set of points the above inequalities
will not be satisfied. The disorder constant D(S) of a set of
points is a measure of how far a given set of points S is from
a total order:

DEFINITION 3. (disorder constant D) Let S be a set equipped

with corresponding similarity function o. Define D(S), the
disorder constant of S, to be the smallest number D such
that for all triples x,y,z € S we have the following disorder
inequality:

ranky(x) < D - (rank.(x) + rank(y)). (1)

We often abbreviate D(S) to D, when S is clear from the
context. Other variants of this definition may also be useful;
e.g., we may also require the following three variants of (1)
to be satisfied:

ranky (z) < D(rank.(z) + rank;(y)),
< D(ranky(z) + ranky(2)),
<D

(rank; (z) + ranky(2)).

—
N
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—
w
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It follows from inequality (1) that for all z,y we have

rank; (y) < D ranky(z). (5)

There is a natural notion of similarity attached to a met-
ric space: we can think of the similarity between two points
as reciprocal or negative of the distance between them. In
either case, we get the same similarity ordering. As it turns
out, sometimes a notion of dimension defined for the metric
space is closely related to the disorder constant for its associ-
ated similarity order. We now show that for grids, log, D+1
is essentially the dimension of the grid.

LEMMA 1. For the d-dimensional integer grid Z® with Eu-
clidean distance of sufficiently small step size, its disorder
constant is 2471 up to a multiplicative constant close to one.

PRrROOF. Let us fix some step of Euclidean lattice and ra-
dius r9. Let ¢ be a constant such that the number of points
in an inner space of ball of radius r > 7o centered at a lattice
point is lower upper bounded by cr?. Let ¢ be a constant
such that the number of points in a ball with surface of ra-
dius r is upper bounded by ¢'r®. For any € > 0 there are
sufficiently small step of lattice and sufficiently large ro such
that ¢'/c < 1+e.

For points ,y € Z%, denote by |z,y|, the Euclidean dis-
tance between z and y. For z,y € Z%, we have

e(lz,yl)* < ranka(y) < ¢ (J,y))".



This gives

|z, 2| < (LankZ(l’))l/d

C

|2,y < (_rankZ(Z/)>1/d

c

1/d
| > (ranky(x)) .

C/

Now, the triangle inequality |y, z| < |z,z| + |z, y|, along
with the above inequality yields

Raising both sides to the dth power gives

!

d
ranky, (z) < % (rankz(m)l/d + rank. (y)l/d)

< %2d71(rankz (z) + rank: (y)).

Similarly, we can show that the other inequalities in Def. 3
are satisfied. This shows that for Z¢ we can take the disorder
constant to be close to 2" (because < ~ 1). O

In Section 5 we mention further connections with metric
spaces. The above lemma motivates the following definition.

DEFINITION 4. (disorder dimension) Let (S,c) be a set
in similarity space and D(S) be the disorder constant of S.
Then we call 1 +log D the disorder dimension of S.

3. NNSINSETS WITH SMALL DISORDER

In this section we present two related randomized algo-
rithms for NNS in similarity spaces (databases equipped
with a similarity order) with disorder constant D. Both
algorithms, called Ranwalk and Arwalk, use a walk through
the database. Ranwalk always returns a correct answer but
uses quadratic preprocessing space. Arwalk substantially
reduces preprocessing space at the cost of allowing a small
probability of error. Throughout the paper we assume that
both computing a similarity value and comparing any two
of them have a unit cost.

3.1 Ranwalk algorithm

Now we describe our random walk algorithm. The high
level idea of the algorithm is to start at an arbitrary point
p € S, and then search its appropriate neighborhood for
points that are more similar to the query point ¢, move to
the best such point and repeat the process. The neighbor-
hood in which we search can have a large number of points
making it difficult to find points more similar to q. We re-
solve this difficulty by taking a small random sample of the
neighborhood and choosing the point in the sample most
similar to q.

We now formally present the algorithm, and then prove
its correctness and analyze its performance. Let us set

D' :=3D(loglogn + 1).
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Ranwalk algorithm

Preprocessing;:

e For every point x in database we sort all
other points by their similarity to . Thus
our data structure consists of n lists of n—1
points each.

Query processing:

1. Step 0: choose a random point po in the
database.

2. From k = 1 to k = logn do
Step k: Choose D’ random points from
min(n, 35jl)-neighborh00d of pr—1. Com-
pute similarities of these points w.r.t. ¢ and
set pr to be the most similar one.

3. If rankp, ., (¢) > D go to step 0, otherwise
search the whole D® 4+ D-neighborhood of
Plogn and return the point most similar to
q as the final answer.

THEOREM 1. Assume that database points together with
query point S U {q} satisfy the disorder inequality with con-
stant D:

ranks (y) < D(rank.(x) 4+ rank.(y)).

Then Ranwalk always answers nearest neighbor queries cor-
rectly. It uses the following resources:

Preprocessing space: O(n?).

Preprocessing time: O(n?logn).

Ezpected query time: O(Dlognloglogn + D?).

PRrROOF. It is easy to see that the time and space bounds
for preprocessing are satisfied.

We call a single execution of steps 0 to logn a trip. For
every k < logn we say that the first k steps are successful if
ranky(pr) < 27—,2 Now we estimate the probability of success
for the first k steps under the assumption that the first k—1
steps are, indeed, successful.

During the query processing the following lemma holds.

LEMMA 2. Assume rankq(pr—1) < gr=r. Then with prob-
ability 1 —1/2logn the inequality rank,(pr) < 55 also holds.

ProoF. There are exactly i points z satisfying the in-
equality rankq(z) < . For each such z, the disorder in-
equality implies

3Dn

n n

rank,, ,(z) < D(Qki1 ok

)=

range from pr_1 the fraction of good points is

i 3Dn
Thus, in =3

equal to 1/3D. Since we use D’ = 3D(log logn + 1) random
pointers of level k, there is at most
(1 3 L)BD(loglogn+1) < lloglogn+1

3D -2

chance that we miss all good points. [

=1/2logn

The above lemma states an upper bound for probability
of not reducing the rank with respect to ¢ by a factor of
half in a single step. Hence, summing up error probabilities



for all logn steps of a single trip, we have probability at
least 1/2 for trip success: rankq(piogn) is at most e = 1.
By disorder inequality this implies that rank, .. (¢) < D.
Therefore, a single trip has probability at least 1/2 to achieve
stopping condition. And hence, expected number of trips is
at most 2.

Now let us consider the final “refinement procedure”. Let
rank,(¢) < D. We can reverse the rank having rankq(p) <
D?. Let p’ be the true nearest neighbor for ¢, that is rank, ()
1. Applying disorder inequality to triple p,p’,q, we get
rank, (p') < D(D? 4 1). Thus exhaustive search of D* + D
neighborhood guarantees the correct answer. This com-
pletes the analysis of Ranwalk. [

3.2 Arwalk algorithm

We now present our second algorithm called Arwalk (walk
via navigation array). It achieves better preprocessing space
complexity but sometimes makes mistakes (i.e., it is not a
zero-error algorithm). However, the error probability ¢ can
be arbitrarily decreased under reasonable increase of used
resources.

The new algorithm is based on the first one and is obtained
by making the random choices of our basic algorithm in
advance.

Let us set

D' =3D(loglogn + log 1/6).

Our data structure consists of D’ pointers for every of logn
levels for every of n points. We call this n x logn x D’ table
the navigation array.

Arwalk algorithm

Preprocessing;:

e For every point x in database we sort all
other points by their similarity to x. For
every level number k from 1 to logn we
store pointers to D’ random points within
the min(n, 32[,)6") points that are most simi-
lar to x.

Query processing:

1. Step 0: choose a random point po in the
database.

2. From k = 1 to k = logn do Step k: go by
pr—1 pointers of level k. Compute similari-
ties of these D’ points to ¢ and set py to be
the most similar one.

3. Return piogn-

THEOREM 2. Assume that database points together with
query point S U {q} satisfy the disorder inequality with con-
stant D:

ranke (y) < D(rank.(x) 4+ rank. (y)).

Then for any probability of error &6 Arwalk answers a nearest
neighbor query within the following constraints:
Preprocessing space: O(nD logn(loglogn + log1/9)).
Preprocessing time: O(n?logn).
Query time: O(Dlogn(loglogn + log1/4)).
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ProoFr. Computing pointers for every point requires
O(nlogn + D'logn) time. Doing it sequentially we can
manage to use only space proportional to output, that is
O(nD'logn). Thus, claimed time and space constraints for
preprocessing are satisfied.

During the query processing the following lemma is satis-
fied.

LEMMA 3. Assume rankq(pr—1) < gr=r. Then with prob-
ability 1 — §/logn the inequality rank,(pr) < 5% also holds.

PRrOOF. There are exactly 55 points z satisfying the in-
equality rankq(z) < 5% - For any such point z the disorder
inequality implies

n n 3Dn
rank,, ,(z) < D(2k71 + 2—k) ==
Thus, in 32’% range from px_; the fraction of good points is

equal to 1/(3D). Since we use D' = 3D(loglogn + log 1/4§)
random pointers of level k, there is at most §/logn chance
that we miss all good points. [

Summing up error probabilities for all levels, we have at
most ¢ probability that rankq(piogr) is larger than
1. This completes the analysis of Arwalk. O

_n_ —
ologn

Remark. By increasing its cost to D + D?, we can make
Arwalk a one-side error algorithm. That is, we can use the
same stopping criterion and “refinement procedure” as in
Ranwalk. If the stopping criterion is satisfied we can guar-
antee the correctness of the answer. If not, we can output
a close neighbor and indicate that it is not the true nearest
neighbor.

Discussion. Let us summarize important properties of Ran-
walk and Arwalk algorithms:

e Both are exact algorithms. That is, the objective of
the algorithm is to to output the nearest neighbor, not
the second or the third one.

e Ranwalk has deterministic preprocessing and random-
ized query processing. Arwalk has randomized pre-
processing and deterministic query processing. The
latter is a version of the random walk algorithm where
all random choices are done in advance.

e For Arwalk, the probability of error is taken entirely
from random choices of the navigation array. Unlike
many works (e.g., [21]), we do not assume any partic-
ular distribution on query and/or database.

e Decreasing probability of Arwalk’s error has logarith-
mic cost. E.g. to obtain probability error equal to
1/n we have to increase space and time by a factor of
log n.

4. EXPERIMENTAL EVALUATION

In this section, we evaluate the concept of disorder dimen-
sion and the Ranwalk algorithm experimentally. For eval-
uation, we use the problem of NNS in the Reuters-RCV1
corpus [34]. Text classification is an important application
of NNS and the RCV1 corpus is one of the most widely
used data sets for evaluating text classification performance.
RCV1 has roughly one gigabyte of text. It consists of about
800,000 documents that were sent over the Reuters newswire



during a one year period between August 20, 1996, and Au-
gust 19, 1997. The collection covers a wide range of topics,
including politics, business, and sports. The labels assigned
to documents by Reuters editors can be used as a gold stan-
dard to evaluate nearest neighbor algorithms.

Disorder constant D. In the previous section we intro-
duced two algorithms whose query time and preprocessing
space depend upon the disorder constant D. These theo-
retical estimates become practical only if D is sufficiently
small. Hence, a natural question arises: How small is D for
real data sets?

The value of D as defined in Def. 3 is in a sense a worst-
case definition: we want the inequality (1) to hold for all
triples. This worst case definition can result in values of the
disorder constant that are too large. However, as we will see
presently, in the case of the Reuters corpus D is small for
most triples.

We run a large number of micro-experiments with param-
eters © € S and R € Z on the first 1000 documents of
Reuters. The similarity measure we use is the cosine sim-
ilarity on tf-idf weighted vectors (see, e.g., [39]). Choose
a,bin [1,..., R] uniformly at random. Consider a randomly
chosen news article z. Let z and y be the articles with
rank.(z) = a and rank.(y) = b. Let ¢ := rank,(x). Finally,
compute _77. This ratio corresponds to D for the triple
(z,y, z) using inequality (3).

Our experiments indicate that for R = 2,5, 10, 50, 100, 1000,

the ratio aib is no more than 200, for an overwhelmingly

large fraction of the cases examined. In fact, for a large frac-
tion of cases the ratio was close to 1. We illustrate this for
R =5 in Fig. 1.

a=5

Frequency

-1.0 -0.5 0.0 0.5 1.0

log10 c/(a+b)

Figure 1: Distribution of ranky(z)/(rank.(z) +
rank;(y)) for R=15

A second test of the disorder constant is to compute the
ratio rank, (z)/rank,(y) for pairs < x,y >, where z is ran-
domly chosen from S and y is randomly chosen from the R
closest neighbors of x. If values of this ratio are within a
small interval, then this indicates that the disorder constant
approximately reflects the true distribution of points. This
does seem to be the case for Reuters as shown in Fig. 2 for
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R =5 (the graph shows a histogram for 10,000 trials). Al-
most all ratios r are 107! < r < 10%2 and none are < 1072,
We obtained similar results for R = 2,5, 10, 50, 100, 1000.

Frequency
3000 4000 5000
1 |

2000

1000
1

0
L

[ T 1
-1.0 -0.5 0.0

log10 rank_y(x)/rank_x(y)

Figure 2: Distribution of rank,(z)/rank,(y) for R =5

Ranwalk algorithm. We also evaluated the performance of
the Ranwalk algorithm on Reuters. We chose the parameter
D = 10 and selected a set of 1000 documents as training set
and a disjoint set of 1000 documents as test set. We then
performed 10,000 trials of randomly selecting a test point ¢
and executing Ranwalk to find the nearest neighbor p. For
some points ¢, rank,(g) > D for all training points p since
the disorder relationship does not hold for all points in the
database. We therefore limited the number of “restarts” (i.e.,
returning to step 0 after failing to find a p with rank,(q) <
D) to 100. In those cases, we selected from the set of 100
Plogn candidates that p in step 3 that was closest to g.

Fig. 3 shows the results of the experiment. For almost
all query points, the algorithm successfully identified the
nearest neighbor (note logarithmic scale). There was only
1 case with ranks(p) > 30. These results indicate good
performance of Ranwalk on practical NNS problems.

5. RELATED WORK & OPEN PROBLEMS

Related work. Our work is inspired by several ideas pre-
sented in the previous publications. The first one is to use
walks and in particular random walks for search problems.
For NNS a walk algorithm was suggest by Orchard [42]. A
hierarchical version of Orchard’s algorithm was presented
by Clarkson [10]. It is very similar to our algorithms in the
sense that every stage of the algorithm presumably brings
us twice closer to the query point. Also, the random walk
idea was used in SAT algorithms [19], for measuring index
quality [18] and for ranking nodes in the Web graph [1].
The second idea is the small disorder constant assumption.
The informal idea that low-dimensional spaces (for some ap-
propriate notion of dimension) are more nicely behaved and
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Figure 3: Distribution of rank,(p) of p returned by
Ranwalk

tractable is now well-known in many settings. In particu-
lar, for NNS it has appeared in several recent papers, where
various notions of the dimension of a metric space are intro-
duced and efficient algorithms are given for low-dimensional
spaces; e.g., KR-dimension, doubling dimension [6, 10, 11,
26, 30, 31]. Compared to these algorithms we also have near-
logarithmic search time. Our preprocessing time is quadratic
while the recent paper by Har-Peled and Mendel [17] pro-
vides a near-linear preprocessing time in doubling metrics. It
is important to stress that the disorder dimension might be
small while doubling constant and KR-dimension are large.
This example is due to Piotr Indyk [24]:

Ezample. A set of n points pi, ..., pn, such that, if i #
J,d(pi, i) = 10n + |i — j|. The ranks for ties are broken ar-
bitrarily. It is not hard to see that 3, j, |i—j| < ranky, (p;) <
2|i — j|, therefore, the disorder constant is at most 2. How-
ever, note that the points are almost equidistant, in which
case the doubling constant and the expansion rate is close
to n.

Thus, we have demonstrated the tractability of the nearest
neighbor problem for a new class of datasets.

DEFINITION 5. The KR-dimension of a metric space M
is the minimum d such that |Bay(x)| < 2¢|B,(z)|, for all x
and r; here By(x) denotes the ball of radius v with center x.

We are currently unable to prove any result that directly
compares disorder dimension with KR-dimension or dou-
bling dimension. However, one modelling example shows an
advantage of the disorder dimension over KR. Consider a set
of points where almost all distances (dissimilarity values) are
in the interval [1/2, 1]. Then take any point x and let y be its
nearest neighbor with distancem, say, d(x,y) = 0.6. For the
radius 0.6, we have just one point in the ball, but for radius
1.2 we get the whole database. Hence, the KR-dimension is
the maximal possible for n points in this example. On the
other hand, there is still a chance for disorder to be small.
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Finally, the principle “respective order but not absolute
values are really important” was previously applied in the
somewhat related setting of Web ranking [33]. The authors
were concerned with how different Web ranking algorithms
change the ranks of the webpages because of small changes
in the input.

Next steps. We feel that the idea of focusing on rank values
instead of similarity values is quite promising. Hence, we
suggest to continue the study of NNS in this direction. Here
is our question list:

Average disorder. Ifthe disorder inequality does not hold
for a small fraction of pairs, how should we modify our
algorithm? One possible approach is to use some other
method (e.g. the inverted index [39]) for determining
a “relatively similar” point in the database and then
start the random walk from this point.

Improving our algorithms. How can one decrease pre-
processing complexity of our algorithms? Is it possible
to combine advantages of Ranwalk and Arwalk? Does
there exist a deterministic algorithm with sublinear
search time utilizing the small disorder assumption?
E.g., can we use expanders for derandomization? Can
we use Ranwalk/Arwalk under other than disorder-
based assumptions?

Disorder of random sets. Compute disorder values for
some modelling examples. For example, consider n
random points on the d-dimensional sphere, or n ran-
dom strings of some fixed length in a o-size alphabet
for Hamming/edit distance.

Further experiments. Compute disorder constants for other

data sets. Implement and test Ranwalk and Arwalk.
Study them in the context of the MESSIF project [5].

Lower bounds. Is it possible to prove lower bounds on
preprocessing and query complexities in some “black-
box” model of computation? Can we adapt techniques
from recent papers [31, 43]?

Utilizing combinatorial framework. Consider well-known

techniques like search trees [9, 20], hashing [2, 25,
32] or random projections [15, 28] under the bounded
disorder assumption. What are their “combinatorial”
analogues? Can they beat random walks? Construct
disorder-inequality-based clustering algorithms. Also,
what is the analogue of disorder inequality for bichro-
matic nearest neighbor search?

Remark. New algorithmic results in the combinatorial
framework were reported [37] during the preparation of the
camera-ready version of this paper. Namely, the NNS prob-
lem can be solved deterministically with O(D"nlog®n) pre-
processing and O(D*logn) search time. It was also shown
that the disorder dimension is at most twice as large as the
KR-dimension.
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